We extend Greenberg et al. [7] to a production economy with infinitely many commodities and prove the existence of a competitive equilibrium for the economy. We employ a saturated measure space for the set of agents and apply recent results for an infinite dimensional separable Banach space such as Lyapunov's convexity theorem and an exact Fatou's lemma to obtain the result. JEL Classification Numbers: C62, D51.
Introduction
The purpose of this paper is to prove the existence of a competitive equilibrium in a production economy with infinitely many commodities and a measure space of agents whose preferences are price dependent. In a seminal paper, Aumann [3] showed the existence of a competitive equilibrium for an exchange economy with a measure space of agents and a finite dimensional commodity space. He utilized Lyapunov's convexity theorem to dispense with convex preferences. Schmeidler [21] generalized Aumann [3] to an economy with a continuum of agents whose preferences are incomplete. Hildenbrand [8] extended Aumann [3] to a production economy. Greenberg et al. [7] dealt with a production economy with a continuum of agents whose preferences are price dependent. In [7] the authors reformulated the production economy as a three-person game following Debreu [5] . Their Walrasian equilibrium existence proof was an where N denotes the set of natural numbers. For each S ∈ T the integral is defined to be S f (t)dµ = lim n→∞ S f n (t)dµ. Denote by L 1 (µ, E) the space of (the equivalence classes of) E-valued Bochner integrable functions f : T → E normed by f 1 = T f (t) dµ.
The weak upper limit of a sequence {S n } of subsets in E is defined by w-Ls S n = {x ∈ E : ∃{x n k } such that x = w-lim x n k , x n k ∈ S n k , ∀k ∈ N} (2.2)
where {x n k } is a subsequence of a sequence {x n } and w-lim n x n k denotes the weak limit point of {x n k }.
A correspondence F : T → 2 E is said to be measurable if for every open subset V of E, the set {t ∈ T : F (t) ∩ V = ∅} ∈ T . The correspondence F is said to have a measurable graph
where B(E) denotes the Borel σ-algebra on E. If correspondences from T to E are closed valued, measurability and graph measurability are equivalent when (T, T , µ) is complete and E is separable. 1 A measurable correspondence F : T → 2 E is integrably bounded if there exists a real-valued integrable function h on (T, T , µ) such that sup{ x : x ∈ F (t)} ≤ h(t) for almost all t ∈ T .
A measurable function f from (T, T , µ) to E is called a measurable selection of the correspondence F if f (t) ∈ F (t) for almost all t ∈ T . By Aumann's theorem in [4] , if (T, T , µ) is a complete finite measure space, F has a measurable graph, and E is separable, then F has a measurable selection. We denote by S 1 F the set of all E-valued Bochner integrable selections for the correspondence F , i.e.,
When F is also integrably bounded, it admits a Bochner integrable selection so that S 1 F is non-empty. The integral of the correspondence F is defined by
A sequence of correspondences {F n } from T to E is said to be well-dominated if there exists an integrably bounded and weakly compact-valued correspondence φ : T → 2 E such that
Let E be an ordered Banach space equipped with ordering ≥ such that the positive cone E + = {x ∈ E : x ≥ 0} of E is closed. For x, y ∈ E, x > y means x − y ∈ E + and x = y.
A function f : E → R is said to be strictly increasing, if, for x and y ∈ E, x > y implies
On the other hand, since E is a topological vector space, we can define the topological cone C(A) := {λx ∈ E : x ∈ A, 0 ≤ λ ≤ 1} over any subset A of E. We denote by E * the dual space of E, i.e., the space of all continuous linear functionals from E into R. For
x ∈ E, p ∈ E * , we write p · x for the value of p at x. We denote by E * + the dual cone of E + , i.e., E * + = {p ∈ E * : p · x ≥ 0 ∀x ∈ E + }. For any set A in E, A and clA stand for the norm closure of the set A.
Let (T, T , µ) be a finite measure space. Denote by L 1 (µ) the the space of (µ-equivalence classes of) real valued integrable functions on T . Let T S = {A ∩ S|A ∈ T } be the sub-σ-algebra of T restricted to S ∈ T and µ S be a restriction of µ to T S . We write L 1 S (µ) for the vector subspace of L 1 (µ) which consists of each function in L 1 (µ) restricted to S.
is non-separable for every S ∈ T with µ(S) > 0.
The Model
The commodity space E is an ordered separable Banach Space with an interior point v in E + . 2 For the space of agents, we employ a complete, finite, separable probability space (T, T , µ) which is saturated. 3 Let X be a correspondence from T to E + . The consumption set of agent t ∈ T is given by X(t) ⊂ E + . The initial endowment of each agent is given by a Bochner integrable function e : T → E where e(t) ∈ X(t) and e(t) belongs to a norm compact subset K of X(t) for all t ∈ T . The aggregate initial endowment is T e(t)dµ. Let Y be a correspondence from T to E.
The production set of agent t is given by Y (t) ⊂ E. A price is p ∈ E * + \{0}. Let ∆ = {p ∈ E * + \{0} : p·v = 1} be the price space. Then by Alaoglu's theorem, ∆ is weak* compact.
) t∈T ] be a production economy where U t : X(t)×∆ → R represents agent t's utility function. An allocation for E is a Bochner integrable function f : T → E + such that f ∈ S 1 X and a production plan is a Bochner integrable function g : T → E such that g ∈ S 1 Y . The budget set of agent t at a price p ∈ ∆ is B(t, p) = {x ∈ X(t) : p · x ≤ p · e(t) + max p · Y (t)}.
A competitive equilibrium for E is a triple of a price p, an allocation f and a production plan g such that
We assume that the production economy E satisfies the following assumptions:
A.1 X(t) is non-empty, closed, convex, integrably bounded and weakly compact for all t ∈ T .
A.2 Y (t) is non-empty, closed, integrably bounded and weakly compact for all t ∈ T .
A.3 There is an element η(t) ∈ X(t) such that e(t) − η(t) is in the norm interior of E + , ∀t ∈ T .
A.4 U t : X(t) × ∆ → R is a jointly continuous function on X(t) × ∆ for all t ∈ T where X(t) is equipped with the weak topology and ∆ with the weak* topology. Moreover, U t is strictly increasng on X(t) for all t ∈ T .
A.5 U is jointly measurable on G X × ∆ where
A.6 the correspondence X : T → 2 E has a measurable graph, i.e., G X ∈ T ⊗ B(E).
A.7 the correspondence
A.8 0 ∈ Y (t) for all t ∈ T where 0 is the zero vector of E.
Results
The following theorem is our main result:
Main Theorem. Suppose that the production economy E satisfies A.1-A.8. Then there exists a competitive equilibrium for E.
The proof of the Main Theorem is provided in Section 6. As is well known, for x ∈ E and p ∈ ∆ the bilinear map (p, x) → p · x is not jointly continuous if E is equipped with the weak topology and ∆ with the weak* topology. But when E is equipped with the norm topology, the bilinear map is continuous. 4 To utilize this property, we modify A.1 and A.2:
A.1 ′ X(t) is non-empty, closed, convex, integrably bounded and norm compact for all t ∈ T .
A.2 ′ Y (t) is non-empty, closed, integrably bounded and norm compact for all t ∈ T .
We now introduce the following auxiliary result:
Auxiliary Theorem. Suppose that the production economy E satisfies A.1 ′ , A.2 ′ and A.3-A.8.
Then there exists a competitive equilibrium for E.
We provide the proof of the Auxiliary Theorem in Section 5. We follow the idea of [7] for the proof of the Auxiliary Theorem. Greenberg et al. [7] applied Debreu's [5] social equilibrium result to prove the existence of a competitive equilibrium.
We introduce a 3-person game Γ which consists of three sets K 1 , K 2 , K 3 , and three cor-
, 3} and let
The following lemma is Debreu's [5] social equilibrium theorem for a Banach space.
Lemma 1. Let Γ be a 3-person game and suppose Γ satisfies, for i ∈ I, (i) K i is a non-empty, convex, and compact subset of a Banach space;
(ii) A i is continuous, non-empty, closed and convex valued;
(iii) u i is continuous and quasi-concave on K i .
Then Γ has an equilibrium.
Proof. By applying a standard argument to our Banach space, we can have the result.
Based on Lemma 1, we will prove the Auxiliary Theorem. Toward this end, we specify our Γ. Without loss of generality, we assume the values of U t are contained in [0, 1] for all t ∈ T .
Lemma 2. Under A.1 ′ and A.2 ′ , T X(t)dµ and T Y (t)dµ are norm compact and convex.
Proof. By appealing to Proposition 1 in Sun-Yannelis [22] , we have the results. Lemma 3. B(t, p) is a non-empty and continuous correspondence in p when X(t) and Y (t) are norm compact and ∆ is weak* compact.
Proof. By A.8, it is clear that max p · Y (t) ≥ 0. Then e(t) ∈ B(t, p) for any p ∈ ∆. Therefore,
is continuous in p. We define a function z t : ∆ → R by
Clearly, z t (p) is continuous in p. The budget correspondence can be rewritten as B(t, p) = {x ∈ X(t) : p · x ≤ z t (p)}. By A.3 and A.8, z t (p) > 0 for all p ∈ ∆. Then a standard argument can be adopted to show that B(t, p) is continuous in p.
The following is the exact Fatou's lemma for Banach spaces proved by Khan-Sagara [11] .
Lemma 4 (Theorem 3.5 in [11] ). Let (T, T , µ) be a complete saturated finite measure space and E be a Banach space. If {f n } is a well-dominated sequence in L 1 (µ, E), the there exists
Lemma 5. Under A.1 ′ and A.2 ′ , A i is continuous, non-empty, closed and convex valued for
Proof. We adopt the idea of the proof from [7] . It is clear that K 1 = ∆ is non-empty and convex. By Alaoglu's theorem, it is weak* compact and thus, weak* closed. It follows that A 1 is non-empty, closed and convex valued. From A.8, 0 ∈ T Y (t)dµ and thus K 3 = T Y (t)dµ is non-empty. By Lemma 2, T Y (t)dµ is convex and norm compact and thus, norm closed. Hence, A 3 is non-empty, closed and convex valued. Clearly, A 1 and A 3 are continuous.
We now turn to A 2 . Since the initial endowment map e(t) ∈ B(t, p), A 2 is non-empty.
We show the upper semicontinuity of A 2 . Since K 2 is compact, in order to prove A 2 is upper semicontinuous, it is sufficient to show that the graph of A 2 is closed. Let p n → p in the weak* topology and y n → y in the norm topology. Let x n → x in norm and α n → α with (x n , α n ) ∈ A 2 (p n , y n ) for all n. We have to show that (x, α) ∈ A 2 (p, y). There exist f n and f 0 such that x n = T f n (t)dµ and α n = T U t (f n (t), p n )dµ with f n (t) ∈ B(t, p n ) for a.e t ∈ T , and x = T f 0 (t)dµ as well as α = T U t (f 0 (t), p)dµ. For all n and a.e t ∈ T , f n (t) ∈ X(t) and X is integrably bounded. Moreover, by A.1 ′ , X is norm compact valued and thus it is weakly compact valued. It follows that {f n } is well-dominated.
Since T f n (t)dµ → T f 0 (t)dµ in norm, T f n (t)dµ converges weakly to T f 0 (t)dµ. Therefore, T f 0 (t)dµ ∈ w-Ls{ T f n (t)dµ}. Then by Lemma 4, there exists f ∈ L 1 (µ, X) such that f (t) ∈ w-Ls {f n (t)} a.e. t ∈ T and T f (t)dµ = T f 0 (t)dµ = x ∈ w-Ls{ T f n (t)dµ}. We have to show f (t) ∈ B(t, p). From {f n (t)} we can extract a subsequence, which we do not relabel, that converges weakly to f (t) a.e. t ∈ T . Because X(t) is norm compact, f n (t) converges up to subsequence to some limit in norm, which must be equal to f (t). From {p n } we can also extract a subsequence, which again we do not relabel, that converges to p in the weak* topology. Now it follows that p n · f n (t) → p · f (t) and
Therefore, f (t) ∈ B(t, p) for almost all t ∈ T . We now have to show that α = T U t (f (t), p)dµ.
Since α n = T U t (f n (t), p n )dµ and U t is jointly continuous,
In sum, we showed that A 2 is norm upper semicontinuous.
We now prove the lower semicontinuity of A 2 . Suppose (x, α) ∈ A 2 (p, y). In order to show A 2 is lower semicontinuous, it suffices to find a sequence (x n , α n ) such that (x n , α n ) ∈ A 2 (p n , y n ) converging to (x, α) in norm. Since (x, α) ∈ A 2 (p, y), there exists a function f such that x = T f (t)dµ and α = T U (f (t), p). Consider p n → p in the weak* topology and, y n → y in the norm topology. Note that B(t, p n ) is convex and norm compact. Thus one can choose f n (t) from B(t, p n ) such that f n (t) is the closest to f (t), i.e.,
We will show that f n is measurable. Note that B(t, p) has a measurable graph. To see this,
we adopt [15] . For p ∈ ∆, define ξ p :
By Proposition 3 in [9] (p.60), max p · Y (t) is measurable in t. Then ξ p is measurable in t and continuous in x. By Proposition 3.1 in [24] , ξ p (·, ·) is jointly measurable. Notice that
and thus B(t, p) has a measurable graph.
By Castaing's Representation Theorem in [24] , there exists {h n m (t) : n ∈ N} whose norm closure cl{h n m (t) : n ∈ N} is B(t, p n ). Let
From the fact that B(t, p) is norm compact and the continuity of · , it follows that Ψ n m (t) is a non-empty measurable correspondence. Then the correspondence Ψ n : T → 2 E has a measurable graph. Since the set {h n m (t) : n ∈ N} is dense in B(t, p n ), only the closest point f n (t) to f (t) belongs to Ψ n (t). Therefore Ψ n is a measurable function which is equal to f n for µ−almost all t ∈ T . Hence, f n is measurable for all n. It is now clear that f n ∈ S 1 X for all n. We will show that T f n (t)dµ
where N ε (f (t)) is a neighborhood of f (t) with the radius ε. Suppose b / ∈ B(t, p n ) for infinitely many n. Then
For a sufficiently small δ > 0,
where v is the norm interior point of E + . As n → ∞,
which, considering p · v = 1, contradicts b ∈ B(t, p).
Thus, there is an such that b ∈ B(t, p n ) for all n ≥n. Because of the minimizing prop-
Let x n = T f n (t)dµ and α n = T U t (f n (t), p n )dµ. Then (x n , α n ) ∈ A 2 (p n , y n ) for all n ≥n.
Moreover,
The last inequality comes from Theorem 4 in [6] (p.46). Hence, x n → x in norm and α n → α.
It follows that A 2 is norm lower semicontinuous.
We will show that A 2 is convex valued. Pick (x, α) ∈ A 2 (p, y) and (x ′ , α ′ ) ∈ A 2 (p, y). Then there is a function f : T → E such that T f (t)dµ = x and T U t (f (t), p)dµ = α with f (t) ∈ B(t, p) a.e. t and a function f ′ :
with f ′ (t) ∈ B(t, p) a.e t. Let Z = E × R and we define a function h :
. Let ν be a measure defined by
for S ∈ T . Notice that ν(∅) = ((0, 0), (0, 0)) and ν(T ) = ((x, α), (x ′ , α ′ )). It follows from Theorem 4.1 in [10] that the range of ν is convex. Thus there exists S ∈ T such that ν(S) =
It is clear that f λ (t) ∈ B(t, p). Therefore, A 2 is a convex valued correspondence.
Lemma 6. Γ has an equilibrium.
Proof. As we proved in the proof of Lemma 5, K 1 and K 3 are non-empty, convex and compact.
Note T e(t)dµ ∈ T X(t)dµ for all t ∈ T and T U t (e(t), p)dµ ∈ [0, 1]. Thus, K 2 is non-empty.
By Lemma 2, T X(t)dµ is norm compact and convex. It follows that K 2 is compact and convex. 
Proof of the Auxiliary Theorem
We are now ready to provide the proof of the Auxiliary Theorem.
Proof of the Auxiliary Theorem. We will prove that for an equilibrium for Γ, there is a competitive equilibrium for the economy. Suppose that (p * , (x * , α * ), y * ) is an equilibrium for Γ.
Hence there exist f * ∈ S 1 X such that that x * = T f * (t)dµ with f * (t) ∈ B(t, p * ) and g * ∈ S 1 Y such that y * = T g * (t)dµ. We will show that (p * , f * , g * ) is a competitive equilibrium for the economy.
(i) We show that g * is a profit maximization production plan.
By the definition of u 3 , p * · y * = p * · T g * (t)dµ ≥ p * · y for any y ∈ T Y (t)dµ. Therefore,
for almost all t ∈ T . Note that Proposition 6 in [9] works in our commodity space E.
(ii) Let us prove
Note that f * (t) ∈ B(t, p * ) = {x ∈ X(t) : p * · x ≤ p * · e(t) + max p * · Y (t)} for almost all t ∈ T . From p * · g * (t) = max p * · Y (t) for a.e. t ∈ T , we have the desired result.
By way of contradiction, suppose there exists a non-empty subset S ∈ T which is of positive measure and let F be a correspondence from S to X(t) defined by F (t) = {x ∈ X(t) : U t (x, p * ) > U t (f (t), p * ) and p * · x ≤ p * · e(t) + p * · g * (t)} for all t ∈ S. Recall that U t (·, p * ) is measurable on the graph of X. Recall also that B(·, p * ) and X have measurable graphs. Therefore, F has a measurable graph. Moreover, since X is integrably bounded, so is F . Hence, there is a Bochner integrable selection f ′ of F . We now define
(iv) We prove that (f * , g * ) is a feasible allocation and a production plan.
We know that p * · f * (t) ≤ p * · e(t) + p * · g * (t) a.e. t ∈ T . By aggregating over T , we have
From the definition of the equilibrium of Γ, it follows that for any p ∈ ∆,
Proof of the Main Theorem
Finally, we provide the proof of the Main Theorem. We follow [15] for the proof. As KhanYannelis did in [15] , we first obtain an auxiliary result for a truncated subeconomy with the norm compact consumption set and the production set. Then we construct a net of truncated subeconomies by the intersections of norm compact subsets with the original economy whose consumption set and production set are weakly compact. From the auxiliary result we have a net of competitive equilibria for the subeconomies and then construct a sequence of competitive equilibria. Invoking the exact Fatou's lemma for infinite dimensional separable Banach spaces,
we can obtain a competitive equilibrium for the original economy. Our approach, however, is different from that of [15] in that we construct a sequence of subeconomies in finite dimensional subspaces from the separability of the commodity space and we use the Fatou's lemma.
Proof of the Main Theorem. E has a countable dense subset W = {w 1 , w 2 , . . .}. It is easy to see that E = W = spanW . Let V k = span{w 1 , . . . , w k } for each integer k ≥ 1 and
Let ε > 0 be arbitrarily given. We can take an element e k 1 (t) of V k 1 in the ε-neighborhood of the initial endowment e(t) for each t ∈ T , if k 1 is large enough. Let F be the collection of all non-empty, norm compact, convex subsets of V k which which contain 0 and e k (t) for all t ∈ T . Then for each k, the topological cone
And U F t is the utility function U t whose first domain is X F (t). Let us define k F = inf{k : F ⊂ V k }. We now define a truncated economy
It is easy to see that E F satisfies all the assumptions of the Auxiliary Theorem. Therefore, we can appeal to the Auxiliary Theorem to have a competitive equilibrium (
F ∈ F} is a net directed by inclusion. For all F , X F (t) ⊂ X(t) and, by A.1, X is integrably bounded and weakly compact valued. Thus {f F } is well-dominated. We apply the same logic to Y F and Y to see {g F } is also well-dominated.
We denote X F , Y F and E F by X k , Y k and E k with k = k F . We can now construct a sequence of competitive equilibria (
Obviously, {f k } and {g k } are well-dominated.
We appeal to Lemma 4 to have f ∈ L 1 (µ, X) and g ∈ L 1 (µ, Y ) such that f (t) ∈ w-Ls {f k (t)} a.e t ∈ T and T f (t)dµ ∈ w-Ls { T f k (t)dµ} as well as g(t) ∈ w-Ls {g k (t)} a.e. t ∈ T and T g(t)dµ ∈ w-Ls { T g k (t)dµ}. Therefore, there exist subsequences still denoted by {f k } and by {g k } such that f k (t) → f (t) weakly a.e. t ∈ T and g k (t) → g(t) weakly a.e. t ∈ T . Since p k belongs to ∆ which is weak* compact, it has a subsequence still denoted by p k weak* converging to p. Now we have to show that (p, f, g) is a competitive equilibrium for E.
for almost all t ∈ T .
We first claim that
a.e. t ∈ T . For a sufficiently large k 2 , there exists a sequence of points x k ∈ X k (t), k ≥ k 2 which belongs to ε-neighborhood of x. From the joint continuity of U t , we have
Now for any y ∈ Y (t), there is a sufficiently large k 3 such that there exists a sequence of points y k ∈ Y k (t), k ≥ k 3 that belongs to the ε-neighborhood of y. Then we obtain
and consequently
Let n = max{k 1 , k 2 , k 3 }. As n tends to infinity, x n , y n , e n (t) converge in norm to x, y, e(t)
respectively and p n weak* converges to p. This gives us
Hence, we have
for almost all t ∈ T . Now suppose that there exists a non-empty subset S ∈ T which is of positive measure and p·x = p·e(t)+max p·Y (t) for all t ∈ S. Since U t is continuous, we have
and p · (x − εv) < p · e(t) + max p · Y (t) for t ∈ S where v is the norm interior point of E + .
Then there is n 1 such that x − εv ∈ X n (t) for all n ≥ n 1 and for any y ∈ Y (t) there is n 2 such that y ∈ Y n (t) for all n ≥ n 2 . Letn = max{n 1 , n 2 }. We have U t (x − εv, p n ) > U t (f n (t), p n ) and p n ·(x−εv) > p n ·e n (t)+p n ·g n (t) ≥ p n ·e n (t)+p n ·y for all n ≥n where (p n , f n , g n ) is a competitive equilibrium for E n . Then we have p n · (x − εv) > p n · e(t) + p n · (e n (t) − e(t)) + p n · y for all n ≥n.
As n goes to infinity, e n (t) converges to e(t) in norm and thus we obtain p·(x−εv) ≥ p·e(t)+p·y which is a contradiction. Therefore, we obtain p · x > p · e(t) + max p · Y (t) (6.8) for almost all t ∈ T .
Indeed, we can further show that p · f (t) ≥ p · e(t) + max p · Y (t) (6.9) for almost all t ∈ T .
Suppose that p · f (t) < p · e(t) + max p · Y (t) for all t ∈ S where S ∈ T is a subset with positive measure. Since U t (·, p) is strictly increasing, we have U t (f (t) + εv, p) > U t (f (t), p) and p · (f (t) + εv) < p · e(t) + max p · Y (t). Then there is n 3 such that f (t) + εv ∈ X n (t) for all n ≥ n 3 and for any y ∈ Y (t) there is n 4 such that y ∈ Y n (t) for all n ≥ n 4 . Letñ = max{n 3 , n 4 }. We have U t (f (t)+εv, p n ) > U t (f n (t), p n ) and p n ·(f (t)+εv) > p n ·e n (t)+p n ·g n (t) ≥ p n ·e(t)+p n ·y for all n ≥ñ where (p n , f n , g n ) is a competitive equilibrium for E n . Thus we have p n · (f (t) + εv) > p n · e(t) + p n · (e n (t) − e(t)) + p n · y for all n ≥ñ. As e n (t) converges to e(t) in norm, in the limit we obtain p · (f (t) + εv) ≥ p · e(t) + max p · Y (t) which is a contradiction. Therefore, we have p · f (t) ≥ p · e(t) + max p · Y (t) a.e. t ∈ T .
(ii) We show that f is a feasible allocation andĝ is a feasible production plan.
Since (p n , f n , g n ) is a competitive equilibrium for E n , it is clear that T f n (t)dµ ≤ T e n (t)dµ+ T g n (t)dµ. Hence, it follows that T f (t)dµ ≤ T e(t)dµ + T g(t)dµ. (6.10) (iii) We prove that p · f (t) ≤ p · e(t) + p · g(t) for almost all t ∈ T .
From (6.9), we have p · f (t) ≥ p · e(t) + p · g(t) (6.11) for almost all t ∈ T . By integrating (6.11) over T , Hence, we can conclude T [p · f (t) − p · e(t) − p · g(t)] = 0. Therefore, we have p · f (t) = p · e(t) + p · g(t) (6.14)
(iv) Let us prove p · g(t) = max p · Y (t) a.e. t ∈ T .
From (6.9) and (6.14), we have the following inequality: max p · Y (t) ≤ p · f (t) − p · e(t) = p · g(t) (6.15) for almost all t ∈ T . Obviously, we have max p · Y (t) ≥ p · g(t). Hence, the conclusion follows.
